The quantum mechanics is formulated in terms of state vectors in the Hilbert space and operators that act on these vectors. However, using the Clifford algebra an alternative formulation is possible, where multivectors in n-dimensional linear Euclidean space represent both the state of the system and quantum operators. In this report a short overview is presented on how the Clifford algebra can be used to investigate electron and hole spin properties in semiconductors. In particular, calculation of free electron and hole spin precession in cubic semiconductors with the help of the Clifford algebra is discussed.
Introduction
The Clifford algebra Cl p,q is a relatively new mathematical tool in theoretical physics to solve the problems in multidimensional spaces, especially when spinorial properties of the physical objects are important [1] [2] [3] . In the algebra Cl p,q , the sum of the indices p + q gives the total dimension of the space while the individual indices, p and q, designate the number of coordinates with positive and negative signature, respectively. Two of the algebras, Cl 3,0 and Cl 3,1 , which are also called the geometric algebras [2, 4, 5] , are used to describe particles in 3D Euclidean and 4D Minkowski spaces. Up till now the Clifford algebra was applied to classical mechanics [6, 7] , Pauli and Dirac spinors in three and four dimensions [1, 2] , field theory [5] , including classical electrodynamics [8] [9] [10] , gravitation and cosmology [5] , and recently in computer science [11] . The reader unfamiliar with the geometric algebra can refer to Hestenes paper [3] where one can find an accessible introduction, more references, as well as websites on the Clifford algebra.
In this report we shall overview the first attempts to adapt the Clifford algebra in the investigations of dynamical spin properties in semiconductors. In particular, we shall consider the precession of the conduction band electron and valence band hole spins in cubic semiconductors induced by spin-orbit interaction. As known, in the absence of such interaction the energy bands in semiconductors are doubly degenerate (Kramers degeneracy [12] ). The spin-orbit interaction splits the bands and brings about spin precession, the frequency of which depends on a considered energy band and charge carrier wave vector. Although the spin properties can be analysed in the standard manner within Hilbert space formalism [13] [14] [15] [16] , nonetheless, as we shall see the Clifford algebra may describe spin properties in a totally different and more elegant way. Since the considered subject is new to solid state physicists, in the first section of this article the required terminology for description of the Clifford algebras is introduced. Then, the spin properties of electrons within Cl 3,0 algebra and hole properties within Cl 5,0 and Cl 4,1 algebras are considered. The starting point in all cases will be the Hamiltonian obtained by k·p method. At first, the spin dynamics of conduction band electron is considered and then the more difficult case of valence band holes is reviewed.
Short introduction to Clifford algebras
The Clifford algebra Cl p,q is made up of 2 p+q elements, which usually are indicated by bold e. Of these, there are p + q basis vectors e i which play the role of Cartesian coordinates. In Cl 3,0 the Euclidean space R 3 is spanned by basis vectors e 1 , e 2 , and e 3 . Similarly, the five dimensional space R 5 of Cl 4,1 is spanned by basis vectors e 1 , . . . , e 5 . The signature of the space is determined by signs of e 2 i . In Cl 3,0 , all e i s satisfy e 2 i = +1. However for Cl 4,1 the square of the last basis vector is negative, e 2 5 = −1. The rest of elements in the Clifford algebra are made up of products of basis vectors. For short, the product e i e j will be written as e 12 , similarly e i e j e k ≡ e ijk , etc. Thus, we will need 2 3 = 8, or 2 5 = 32 elements to describe the conduction band by Cl 3,0 and the valence band by Cl 4,1 algebra. One should pay attention that despite of this similarity the basis vectors are altogether different from the wellknown unit vectors in R n space, although the usual vectors, for example the wave vector k = (k x , k y , k z ), is mapped as k → k x e 1 + k y e 2 + k z e 3 . Specifically, in contrast to the usual unit vectors the basis vectors in Cl p,q do not commute. In fact, they anticommute, that is e i e j = −e j e i if i = j. Both mentioned rules can be combined into the anticommutation relation e i e j + e j e i = 2δ ij ,
where δ ij is the Kronecker delta. Due to the property (1), the Clifford algebra elements make up a closed system, since the elements with repeated indices can be contracted, for example, e 1232 ≡ e 1 e 2 e 3 e 2 = −e 1 e 2 e 2 e 3 = −e 1 e 3 = −e 13 . The largest product which cannot be reduced is called the pseudoscalar and written as I. Thus, in Cl 3,0 algebra the pseudoscalar is I = e 123 , while in Cl 5,0 and Cl 4,1 algebras the pseudoscalar is I = e 12345 . The square of the pseudoscalar gives I 2 = 1 in Cl 5,0 , but it is I 2 = −1 in Cl 4,1 . This is easy to prove by rearranging the basis vectors and using the property (1). Thus, in Cl 4,1 the pseudoscalar I performs the role of an imaginary unit. The general vector a in R n can be expressed as a sum a = i a i e i of the elements of the same grade, where a i are real-valued components, a i ∈ R. Similarly, a general bivector can be written as a sum of elementary bivectors, B = i =j b ij e i e j , where b ij ∈ R. In the Clifford algebra there exist the mixed grade elements as well. For example, one can add the vector to bivector to get the multivector M = a + B, or one can add the scalar to vector to get another multivector. The product of two multivectors of the same grade gives scalar, for example, the product of two vectors a and b = i b i e i gives the scalar ab = i a i b i . However there also exists a mixed product, for example, of the vector a with the bivector B. Such products may give higher or lower grade elements as compared to those of the factors.
A general multivector M consists of a sum of multivectors of various grades: One can multiply the multivectors. The product of multivectors A, B and C is associative, A(BC) = (AB)C = ABC, however, it is noncommutative, AB = BA. Due to property (1), a given Clifford algebra Cl q,p always remains closed under the multiplication.
There is a number of operations over the multivectors in the Clifford algebra which we shall make use of. For example, the multiplication by I gives the dual multivector. From the above tables it is seen that all elements have their duals. Another important operation is the reversion that brings the basis vectors to reverse order. The reversion is denoted by tilde. For example, e 12 = e 21 = −e 12 . The reversion in the Clifford algebra plays similar role as the complex adjoint in the standard quantum mechanics. The typical operation is the product of multivector by its reverse. For example, in Cl 5,0 this givesBB = BB = i =j b 2 ij , which represents the square of magnitude of a bivector.
One more important operation is the exponential of a multivector A which is defined as a series e A = 1+
Typical situation where exponentials appear is the rotation of multivector in the multidimensional space. For a general multivector the exponential series cannot be summed up in a closed form. However, in specific situations the sum may be expressed through either trigonometric or hyperbolic functions. For example, if the multivector consists of a scalar s and vector v = v 1 e 1 + v 2 e 2 + v 3 e 3 + v 4 e 4 + v 5 e 5 , the exponential gives
where
. A useful property that will be frequently employed below is matrix representation of an element of the Clifford algebra. Concrete examples will be presented below in transforming the quantum mechanical operators to Clifford algebra representation.
Conduction band
In cubic semiconductors the conduction band is characterized by a 2 × 2 Hamiltonian that consists of an isotropic in the wave vector k partĤ 0 and two spin-orbit (SO) related contributions, the Dresselhauŝ H D [17] and RashbaĤ R [18] ones:Ĥ =Ĥ 0 +Ĥ D + H R . In the case of free-space electrons, the formulation of quantum mechanics in terms of the Clifford algebra was described in Refs. [2, 4] . In particular, the two-component spinor |ψ here is placed in one-to-one correspondence with a 4-component multivector ψ via the mapping
where all a k s are the real numbers. Thus, in Cl 3,0 the spinor is represented by a sum of scalar and three bivector components. The ket-vector |ψ and its Clifford algebra counterpart ψ satisfy (4) it follows that the spin-up and spin-down states are related by rules | ↑ ←→ 1 and | ↓ ←→ −Iσ 2 . Also, additional replacement rules exist [2, 5, 19, 20] i∂|ψ /∂t ←→ Iψe 3 ,
that will be used to transform the Pauli-Schrödinger equation to the Clifford algebra equivalent expression.
is the electron wave vector referenced to crystallographic axes andσ k is one of the Pauli matrices. To prove the rules (6) it is enough to resort to the mapping (4) and to remember that the multivectors do not commute. Then, in the case of the conduction band electron the required time-dependent PauliSchrödinger equation in the multivector notation can be reduced to the following compact form:
, and n i s are the components of the unit vector, which is perpendicular to heteroplane, in the Rashba Hamiltonian. The other components, ε 2 and ε 3 , can be obtained from cyclic permutation of the indices. It should be noted that e 3 ψ = ψe 3 . The solution of the differential equation (7) is the multivector
where ψ i = ψ(0) is the initial multivector. ψ(t) satisfies the normalization conditionψ(t)ψ(t) = 1. Thus, the resulting multivector (8) can be factored as ψ(t) = ψ i ψ SO ψ 0 , where ψ 0 and ψ SO are related, respectively, to degenerate partĤ 0 and SO parts,Ĥ D andĤ R , of the Hamiltonian:
(10) The equations (8)- (10) show that there are two kinds of oscillations, those related with band degeneracy, ε 0 = k 2 /(2m * ) and those related with spin-orbit splitting of the degenerate bands, ∆E ≡ 2|ε| = 2 √ εε = 2 ε 2 1 + ε 2 2 + ε 2 3 . The atomic unit system e = = m 0 = 1 is used. Thus, the Clifford algebra shows in a very elegant way that the electron spin precession in cubic semiconductors can be described by three effective parameters only: ε 1 , ε 2 , and ε 3 . In contrast, the solution of the same problem within the Hilbert space formalism appears to be rather messy [14] . In the latter case one is forced to shuttle between energy andσ z representations of the Hamiltonian to describe the spin evolution in a mixed state.
The multivector ψ allows one to calculate the spin precession dynamics in a straitghforward way. In Cl 3,0 the electron spin polarization components are determined by mapping [2, 4, 5] ψ|σ k |ψ ←→ S k = σ k · S, where The average spin polarization components S k (k = 1, 2, 3 or x, y, z) depend on the initial multivector ψ i and effective energies ε 1 , ε 2 , ε 3 only. Figure 1 illustrates spin polarization precession trajectories on the Bloch sphere calculated with equations (9)-(11). The initial condition ψ i = 1, which corresponds to North pole on the sphere at t = 0, was used. It is well known that spin precession occurs only in mixed spin-up and -down states. Figure 1 shows that the solution (8) already incorporates such states. To have more precession trajectories it is enough to assume different multivector ψ i at t = 0. The spinor constructed in this way should be mapped by the rule (4). A possible choice may be ψ i = cos ϑ cos φ + Ie 1 sin ϑ sin φ − Ie 2 sin ϑ cos φ − Ie 3 cos θ sin φ . (12) Up and down spin states are recovered at ϑ = 0, φ = 0 and ϑ = π, φ = 0, respectively. A more detailed exposition of application of the Clifford algebra Cl 3,0 , including quantum wells, and explicit analytical formulas for spin precession are presented in the article [21] .
Valence band

Choice of the Clifford algebra and matrix representation
For conduction band, the unperturbed Hamiltonian H 0 coincides with the Pauli-Schrödinger one for electron with 1 2 spin. As shown in Doran's PhD thesis [4] and book [2] , the evolution of the respective spinor and multivector in this case can be described by the mapping (4). In the previous section this mapping was applied to conduction band electrons with SO interaction included. The valence band Hamiltonian has a different structure. It comes from J = 3 2 manifold and can be constructed by k·p perturbation method [22] . The resulting effective Hamiltonian is characterized by a number of empirical parameters depending of the number of bands included. In the following we shall consider the simplest valence band Hamiltonian that consists of the doubly degenerate light-and heavy-mass bands. In the spherical approximation this Hamiltonian reduces to [23] 
where J = (J x , J y , J z ) is the vectorial 4×4 total angular momentum matrix, its components are given in [24] . γ 1 and γ 2 are the empirical band parameters. The matrix Hamiltonian (13) will be our starting point.
To map the valence band Hamiltonian onto one of the Clifford algebras we shall make use of the property that the basis vectors in the Clifford algebra can be represented by a set of complex valued matrices. For example, in the case of Cl 3,0 there exists one-to-one correspondence between the basis vectors e 1 , e 2 , and e 3 and the well-known three Pauli matrices. In particular, the Pauli matrices satisfy the same anticommutation relations as basis vectors (see Eq. (1)). The existence of isomorphism between basis vectors of the Clifford algebra and a set of special matrices allows one to express all elements of the algebra, including bivectors, pseudoscalars, etc, as respective products of the basis matrices. Matrix representation of the Clifford algebra may be also helpful in manipulating the multivectors, or in calculating the exponentials of the multivectors. The existence of an isomorphism between the matrix representation and a particular Clifford algebra allows an easy transition from matrix formulation of the quantum mechanics to its Clifford analogues. This property will be used below. Now, we shall transform the valence band Hamiltonian in matrix representation (13) to Clifford algebra representation. To select a suitable one it is convenient to address to a table of all possible matrix representations that are usually given along with the 8-fold periodicity theorem of real Clifford algebras [1] . From this table it follows that the Clifford vectors in R 5 are isomorphic to 2 H(2), i. e. to double quaternionic 2×2 matrices H(2). However, this representation is not suitable for our purpose since our starting matrices are complex rather than quaternionic valued. There are three complex candidate algebras, namely, Cl 0,5 , Cl 2,3 , and Cl 4,1 , which are isomorphic to complex matrices C(4). Their basis vectors abide in 5D Euclidean space R 5 and have the following signatures: (− − − − −), (+ + − − −), and (+ + + + −). Nevertheless, if a suitable isomorphism is absent, then, with a due care, one can also resort to homomorphism between Clifford algebra and its matrix counterpart having an appropriate symmetry. For example, the matrix representation that corresponds to SO(5) group and which is homomorphic to Cl 5,0 algebra can be used to map the Hamiltonian (13) to Clifford algebra representation [25, 26] . Below we shall briefly discuss two representations having SO (5) and SO(4,1) symmetry that are associated, respectively, with the Clifford algebras Cl 5,0 and Cl 4,1 . The application of Cl 2,3 algebra still remains uninvestigated.
Cl 5,0 algebra
The required 4 × 4 matrices that have totally positive signature, e 2 1 = e 2 2 = e 2 3 = e 2 4 = e 2 5 = 1, are [25] 
Using these matrices the Hamiltonian (13) can be rewritten in the Clifford algebra as
where k 2 = k 2 x +k 2 y +k 2 z and d n are the real-valued projections on the respective basis vectors e i in R 5 space:
From (19) d n e n in R 5 Euclidean space. Thus, we can find the eigenvalues of the Hamiltonian and perform spin dynamics calculations without using the Hilbert space at all. How this can be achieved with the help of rotors R defined in the Clifford algebra the reader should refer to paper [27] . Here we shall present only the final result:
where ε H,L = (γ 1 ± 2γ 2 )k 2 /(2m 0 ) are the dispersions of heavy-and light-mass holes. The matrix representation in (21) was obtained with the mapping (18) . From this short discussion it follows that in the Clifford algebra one can calculate heavy-and light-hole energies and spin polarizations by an appropriate rotation of the multivector in the five dimensional Euclidean space. For more details the reader is directed to paper [27] .
Cl 4,1 algebra
The matrices that represent basis vectors in R 5 now are
These matrices as well as basis vectors have the signature e 2 1 = e 2 2 = e 2 3 = e 2 4 = 1 and e 2 5 = −1. As a result, the square of the pseudoscalar is negative, I 2 = −1.
The Hamiltonian (13) in this algebra assumes the following form: 
Contrary to the expression (19), now the elements of H 0 in (27) have mixed grades. Therefore, the vector rotation in 5D Euclidean space in finding the eigenvalues is of little use. It can be shown that the diagonalized form of H 0 now is
and consists of a sum of the scalar and pseudoscalar. The Hamiltonian (28) represents degenerate energy bands with no SO splitting and, therefore, with no spin precession dynamics. (In the following the operators written in the representation (28) will be in the calligraphic font.) To work on further, in the description of spin dynamics the SO interaction must be included. The needed SO interaction Hamiltonian mapped onto Cl 4,1 algebra is [28] 
where c is the SO splitting strength. The spin dynamics is described by similar differential equation as (7) except that now the pseudoscalar is I ≡ e 12345 and the expression in the square brackets in (7) should be replaced by the total Hamiltonian H = H 0 + H 1 written in Cl 4,1 . As previously, the solution can be written immediately: ψ(t) = e −IHt . Thus, the problem reduces to calculation of the exponential of the mixed multivector which should give all possible spin precession frequencies (compare Eqs. (9)- (10)). However, now the resulting series after the expansion of the exponent cannot be summed up in a closed form. Why? This can be seen from the eigenvalues of the Hamiltonian H. After the inclusion of the SO interaction all energy levels become nondegenerate. The spectrum of such Hamiltonian is described by the fourth order algebraic equation, the roots of which in general cannot be calculated explicitly. Thus, to find an analytical solution for all possible spin precession frequencies one is forced to rely on approximate methods, similarly as it is in the treatment of problem within standard quantum mechanics. In the following we shall briefly discuss how this can be achieved in the Clifford algebra formalism. At first, we shall assume that all operators have been rewritten in the energy representation of the degenerate Hamiltonian (28) . Then, one can exploit the fact that the SO splitting of bands is small compared to degenerate light-or heavy-hole energy. To proceed with the perturbation theory we introduce the projection operators onto heavy-and light-mass energy bands:
It is easy to check that these operators are idempotent, P 2 H = P H and P 2 L = P L , and orthogonal, P L P H = 0. The degenerate Hamiltonian (28) remains invariant to action of the projection operators. To see where the perturbation theory comes in let us apply the projection operators to an arbitrary operator A,
The above operator equation is exact. In the following we shall neglect the cross terms, P H AP L and P L AP H , which should be small if light-and heavy-mass bands are far apart. Thus, in our perturbation theory the SO interaction couples the terms in the degenerate band manifolds only. The calculations along these lines give us the heavy-and light-mass band Hamiltonians:
ck (cos θ sin 2 θ + sin θ ×cos 2 θ e 2 ) cos 2ϕ− 3+cos 2θ 4 sin θ sin 2ϕ e 3 , (32) with the multivector (19) , where all basis vectors appear in the Hamiltonian) that the Clifford algebra that describes hole spin dynamics in decoupled heavy-light band approximation can be reduced to lower dimensional Clifford algebra. Indeed, it can be shown rigorously that in this approximation the total angular momentum operator which determines the precession of the spin polarization vector also reduces to lower Clifford algebra, namely, to Cl 3,0 algebra. The latter, as discussed earlier, describes conduction band electron spin precession when electron is in a superposition of nearly degenerate twofold energy band. However, now the elements of Hamiltonians and respective total angular momentum operators are different from those for electron. As a result, hole spin procession trajectories will be different, too. Figure 2 illustrates the precession character of total angular momentum J of light-mass hole that was calculated within the framework of the Clifford algebra. In this approximation the hole spin S precession coincides with that for J but with the polarization vector lengths reduced by factor 2/3. We see that now J and S precession trajectories are ellipses rather than circles as was the case for the conduction band electrons. This conclusion is consistent with our earlier calculations done within a standard quantum mechanical formalism [16, 29] . It can be shown that the precession axis around which hole spin rotates is perpendicular to the hole wave vector k for all directions of k. Similar calculations yield that the heavy-hole precession trajectories for J reduce to vibrations along the straight lines of length 3/2, the orientation of which in spin space depends on the direction of k. This is also in agreement with earlier calculations [16, 29] .
Conclusions
This short overview demonstrates that the Clifford algebra can be used in the analysis of electron and hole properties in semiconductors with some advantage over the standard methods. In the standard quantum mechanics one works in the Hilbert space spanned by linearly independent state vectors that may be represented by columns, and where the quantum mechanical operators (matrices) are acting on the state vectors. In the Clifford algebra one works in the Euclidean space R n and both the spinors and operators are treated on the same footing, and as a result the formal difference between them vanishes. In case of electrons in cubic semiconductors, the conduction bands can be treated within Cl 3,0 Clifford algebra. The spin precession trajectories in this case can be very easily calculated, in fact, in few strokes. There is no need to construct unitary matrices and to shuttle betweenσ z and energy representations. The application of the multivector formalism to nanostructures where the space quantization plays an important role is uninvestigated as yet, although the multivector calculus needed for this purpose is already worked out [30] .
In the case of the valence bands the situation is more complicated. There is a number of Clifford algebras that can be applied for this purpose. Two of these, Cl 5,0 and Cl 4,1 , have been addressed here. At this stage of the investigation it is difficult to indicate whichever of algebras will be superior. However, preliminary calculations show that spin precession equations for valence band holes can be found in a more straightforward way with the help of the Cl 4,1 Clifford algebra.
